This paper deals with the boundary layer flow and heat transfer of nanofluids over a stretching wedge with velocity-slip boundary conditions. In this analysis, Hall effect and Joule heating are taken into consideration. Four different types of water-base nanofluids containing copper (Cu), silver (Ag), alumina (Al 2 O 3 ), and titania (TiO 2 ) nanoparticles are analyzed. The partial differential equations governing the flow and temperature fields are converted into a system of nonlinear ordinary differential equations using a similarity transformation. The resulting similarity equations are then solved by using the shooting technique along with the fourth order Runge-Kutta method. The effects of types of nanoparticles, the volume fraction of nanoparticles, the magnetic parameter, the Hall parameter, the wedge angle parameter, and the velocityslip parameter on the velocity and temperature fields are discussed and presented graphically, respectively. 
Introduction
Nanofluids are engineered colloidal suspensions of metallic, non-metallic and polymeric nanoparticles in base fluids which commonly refer to water, ethylene glycol, oil, bio-fluids, and polymer solutions. Offering exciting new possibilities for enhancing heat transfer performance of fluids, nanofluids are considered to be the next generation heat transfer fluids [1] [2] [3] [4] [5] [6] [7] . In recent years, nanofluids have attracted great attention [8] [9] [10] [11] [12] [13] [14] [15] . In many practical applications, for example in various extrusion processes, it is necessary to consider the flow and heat transfer of fluids over continuous stretching sheets. Some investigations have been carried out for the flow and heat transfer phenomena of nanofluids over a stretching surface. Mustafa et al. [16] and Hamad et al. [17] respectively studied the flow and heat transfer of nanofluids over a horizontal stretching wall. Bachok [18] analyzed the steady flow and heat transfer of water-based nanofluids which consist of three different types of nanoparticles namely copper (Cu), alumina (Al 2 O 3 ) and titania (TiO 2 ) over a static or moving wedge. Hamad and Ferdows [19] presented a similarity analysis for the boundary-layer flow and heat transfer of the nanofluids containing metallic nanoparticles over a nonlinear stretching sheet. Vajravelu et al. [20] discussed the convective heat transfer of Ag-water and Cu-water nanofluids over a stretching surface. The problem of the flow and heat transfer over a static or moving wedge with a prescribed surface heat flux in a nanofluid was investigated in [21] .
Magnetic fields are widely used in modern materials and manufacturing processes such as MHD pumps, MHD power generators, flow meters, the cooling of reactors, etc. Recently, many works focused on the boundary layer flow and heat transfer of fluids in the presence of a magnetic field (see for instance [22] [23] [24] [25] [26] [27] [28] ). Particularly, Hamad et al. [29] recently studied the effects of magnetic field on free convection flow of nanofluid past a semi-vertical flat plate. Khan et al. [30] studied the unsteady free convection boundary-layer flow of a nanofluid along a stretching sheet with thermal radiation in the presence of a magnetic field. In these studies, the Hall term was neglected in applying Ohm's law [31] . However, when the applied magnetic field is high or the collision frequency is low, the Hall effect plays an important role in many engineering situations [31] [32] [33] . The Hall effect on MHD free convection flow of a non-Newtonian power-law fluid over a stretching surface was analyzed by Abo-Eldahab and Salem [34] . Salem and El-Aziz [35] studied the Hall effect on the flow and heat transfer along a stretching vertical surface with chemical reaction and internal heat generation/absorption. El-Aziz [36] investigated the Hall effect on the boundary layer flow and heat transfer of electrically conducting fluid over a horizontal stretching surface. However, according to our information, there is nothing available yet that investigates the flow and heat transfer of nanofluids with Hall effect.
All the above mentioned researchers continued their investigations by using the no-slip boundary conditions which refer to the assumption that a liquid adheres to a solid boundary. The no-slip boundary condition is known as the main manifestation of the Navier-Stokes theory. However, there are some situations wherein this type of condition is not consistent with the physical characteristics. For example, emulsions, suspensions, foams, and polymer melts often exhibit macroscopic wall slip. In addition, when the solid surface is made from some types of coated surfaces, a certain degree of tangential slip also occurs. The slip flows in different situations have been studied in recent years and become a hot research topic [37] [38] [39] [40] [41] [42] . In several flow configurations, the influences of slip boundary conditions on the flow and heat transfer of nanofluids were discussed [43] [44] [45] . Niu et al. [43] gave an analytical analysis on the momentum transfer of nanofluids over a permeable wedge in the presence of velocity slip. Zheng et al. [44] presented an investigation for the flow and radiation heat transfer of a nanofluid over a stretching sheet with velocity slip conditions in a porous medium. Ibrahim and Shankar [45] investigated the effects of magnetic fields and the slip boundary condition on the boundary layer flow and heat transfer of a nanofluid over a permeable stretching sheet.
In this paper, we study the Hall effect on the MHD boundary layer flow and heat transfer of nanofluids over a stretching wedge with velocity-slip boundary conditions. To the best of the authors' knowledge, no other study on this problem has been reported. In the current research, the effects of Hall parameter, types of nanoparticles, the volume fraction of nanoparticles, the magnetic field, velocity slip boundary condition, and the angle of the wedge on the velocity and temperature fields are presented. It is hoped that the results obtained will not only present useful information for applications, but also can complement previous studies.
Formulation of the problem
Consider the steady MHD flow and heat transfer of a viscous incompressible nanofluid over a stretching wedge under the influences of Hall effect, Joule heating and the velocity slip boundary conditions. Figure 1 shows the physical configuration and coordinate system of the problem. , , and are the velocity components of the flow field. The -axis is along the direction of motion of the stretching wedge surface, the -axis is normal to this surface, and the -axis is transverse to the -plane. The stretching velocity of the wedge is w = 0 . The temperature of the wedge surface is assumed to be
in which 0 is a positive proportionality constant with the dimension (length) 1−2 , T ref is the constant reference temperature, and T ∞ is the temperature of the nanofluid far away from the wedge surface. β = 2 +1 is the wedge angle parameter that corresponds to Ω = βπ for a total angle of the wedge. β = 0 and β = 1 correspond to the horizontal surface case and the case of vertical surface, respectively. A magnetic field is applied along the -axis and has flux density B = B
. The induced magnetic field is negligible by assuming a small magnetic Reynolds number. The Hall effect gives rise to a force in the direction of the -axis, which in turn produces a cross flow in that direction, and hence the flow becomes three-dimensional.
In addition, assuming that the wedge surface is of very large width along the -direction, we can consider that the flow quantities do not vary along the -direction. The generalized Ohm's law that includes Hall current is given in the form [31] :
in which J = (J J J ) is the current density vector, E the intensity vector of the electric field, V the velocity vector, B = (0 B 0) the magnetic induction vector, σ the electrical conductivity, and the electronic pressure. It is assumed that the electronic pressure is neglected and no electric field is imposed on the flow field. The equation of conservation of electric charge ∇ · J = 0 results in J = constant. This constant is zero when the wedge is assumed to be electrically insulating, which indicates J = 0 everywhere in the flow. Therefore, the equation (1) becomes
Here B = ω is the Hall parameter, the electrical collision time, ω the electron frequency. In view of (2), one can obtain the following expression for the Lorentz force
and that for the Joule heating
Under the above-stated assumptions and the equations (3) and (4), the boundary layer equations governing this MHD flow and heat transfer of nanofluids with Hall effect, viscous dissipation and Joule heating can be written as: where T µ nf , α nf , ρ nf , (ρC ) nf , and nf are the temperature, the viscosity, the thermal diffusivity, the density, the heat capacity, and the thermal conductivity of nanofluids, respectively. The above physical quantities are defined as [18, 29] 
Here f is the thermal conductivity of the base fluid, s is the thermal conductivity of the nanoparticles, µ f is the viscosity of the base fluid, ρ f is the density of the base fluid, ρ s is the density of the nanoparticles, and φ is the nanoparticle volume fraction. Note that when φ = 0, this case corresponds to the regular Newtonian fluid. The boundary conditions for the present problem are
in which D = 2ν ( +1) w is the velocity slip factor, and is the dimensionless velocity slip parameter. To examine the flow regime, the following similarity variables are introduced
(11) The function (η) = / w is the dimensionless axial velocity, (η) = / w the dimensionless transverse velocity, and θ(η) the dimensionless temperature. Based on the equations (11), the mass conservation equation (5) is satisfied identically. Substituting the equations (11) into the momentum and energy conservation equations (6)- (8) produces the following similarity equations
and the boundary conditions (9) and (10) 
The parameters included in the above equations are given by
where M, P , E , and R are the magnetic parameter, the Prandtl number, the Eckert number, and the local Reynolds number, respectively.
The major physical quantities of interest are the skin friction coefficients at the wedge surface C , C , and the local Nusselt number N . They are written in the form:
Numerical solution
In order to solve the nonlinear system of differential equations (12)- (14) with the boundary conditions (15)- (17), we employ an efficient fourth order Runge-Kutta method coupled with shooting technique. The nonlinear differential equations 
where = 1 = 4 θ = 6 . In the solving process, we need to solve the initial value problem (IVP) which consists of the equations (18) and the following initial conditions
For a given set of values of the parameters, we start with suitable initial guess values of α 1 , α 2 , and α 3 . The IVP (18)-(19) is then repeatedly solved by using the fourth-order Runge-kutta technique coupled with the secant method which is utilized for the improvement of the iteration for α 1 , α 2 , and α 3 . The step size ∆η is taken as 0 001. In the problem-solving process, the position of the edge of the boundary layer η ∞ needs to be adjusted for different values of the parameters in order that the convergence criterion is met. When the boundary conditions at infinity 2 (η ∞ ), 4 (η ∞ ), and 6 (η ∞ ) decay exponentially to 0 with an accuracy of no more than 10
, the iteration process is terminated.
Results and discussion
Computations have been respectively carried out for four types of nanoparticles (copper Cu, silver Ag, alumina Al 2 O 3 , and titania TiO 2 ), and various values of φ, B , M, β, and by using the numerical method described in Section 3. The Prandtl number of the base fluid (water) is kept constant at 7. The thermophysical properties of the base fluid and nanoparticles (Cu, Ag, Al 2 O 3 , and TiO 2 ) used in this study are listed in Table 1 . In order to assess the accuracy of the numerical method, we have compared our results of the heat transfer rate −θ (0) with those obtained by El-Aziz [36] , Grubka and Bobba [46] , and Chen [47] for various values of Prandtl number P with M = B = = M = E = 0 and β = 1. It is found from Table 2 that the comparison is in good agreement. Figures 2, 3, and 4 . From these figures, we see that the axial velocity (η) and transverse velocity (η) profiles of Cu and Ag are very close to each other. On the other hand, the (η) and (η) profiles of Al 2 O 3 are closer to those of TiO 2 by contrast of those of the other nanoparticles. We can observe that the temperature of four types of nanofluids in boundary layer increases from TiO 2 to Ag. That is because Cu and Ag nanoparticles have the higher heat transfer performance compared to Al 2 O 3 and TiO 2 nanoparticles. Figures 5, 6 , and 7 display the axial velocity, transverse velocity and temperature profiles for different values of the Ag nanoparticle volume fraction φ. It is found that the addition of nanoparticles has a significant effect on the momentum and heat transfer by contrast with that of the Figure 7 indicates that an increase in φ leads to the increasing of the temperature of the nanofluids, which illustrates that the adding nanoparticles to the base fluid clearly improves the thermal conductivity of the working fluid, and this effect becomes more obvious when the values of φ increases.
The velocity and temperature profiles of Ag-water nanofluid for various values of the magnetic parameter M are presented in Figures 8, 9 , and 10. From Figures 8  and 10 , it is observed that the axial velocity (η) and its corresponding boundary layer thickness decrease, but the temperature increases with increasing M. When there is no external magnetic field (M = 0), the cross flow in the −direction vanishes ( (η) = 0). For a fixed nonzero value of M, the transverse velocity (η) monotonically reaches a maximum value and then decays to the free stream velocity. Moreover, Figure 9 shows that the maximum value of the transverse velocity (η) gradually increases and then gradually decreases with the parameter M increasing. Further, it is clearly found in Figure 9 that the position, at which the transverse velocity (η) achieves its maximum value, is gradually close to the wedge surface for a continuous increase in the parameter M. Figures 11, 12 , and 13 illustrate the effects of Hall parameter B on the velocity and temperature profiles. From Figures 11 and 13 , it is noticed that the axial velocity (η) increases, however, the temperature θ(η) decreases when the parameter B increases. Figure 12 indicates that the maximum value of the transverse velocity (η) gradually increases and then gradually decreases with continuous increase in B .
The effects of the wedge angle parameter β on the velocity and temperature distributions of the nanofluid (Ag-water) are presented in Figures 14, 15 , and 16. Figure 14 shows that the axial velocity (η) increases with the increasing parameter β. The transverse velocity (η) profiles are depicted in Figure 15 . It illustrates that the maximum value of the transverse velocity decreases when the parameter β increases. Figure 16 exhibits the effect of the wedge angle parameter β on the temperature profiles. It indicates that an increase in β leads to a decrease of the temperature of the nanofluid.
Figures 17, 18, and 19 exhibit the effects of the velocityslip parameter on the behaviors of the axial velocity, the transverse velocity, and temperature distributions of the Ag-water nanofluid. From Figure 17 , it is found that the increase of the parameter causes the decreasing of the axial velocity (η). The reason is that the momentum yielded by the pulling of the stretching sheet is only partly transmitted to the nanofluid under the velocity-slip boundary condition. From Figure 18 , it is interesting to note that the maximum value of the transverse velocity (η) is initially increasing and then decreasing with continuous increase in , which is similar to the effects of the parameters M and B . Moreover, a decrease of the temperature of the nanofluid is observed when the parameter increases in Figure 19 .
Conclusions
In this paper, the impacts of Hall effect and the velocity slip on the boundary layer flow and heat transfer of nanofluids over a stretching wedge in the presence of Joule heating have been examined. The governing partial differential equations are transformed into the nonlinear ordinary equations by using similarity variables. These equations are then solved numerically by using the fourth order Runge-Kutta scheme with the shooting method. Four different types of nanoparticles (Cu, Ag, Al 2 O 3 , TiO 2 ) with water as the base fluid are taken into account. The addition of the nanoparticles into the base fluid can improve the heat transfer performance of fluid. Hall effect is capable of changing the velocity and temperature fields in the boundary layer. Furthermore, the detail effects of varying the volume fraction of nanoparticles, the magnetic parameter, the velocity-slip parameter, and the wedge angle parameter on the axial velocity, the transverse velocity, and the temperature of the nanofluids have been presented.
